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Abstract We consider a system of trapped spinless bosons interacting with a repulsive po-
tential and subject to rotation. In the limit of rapid rotation and small scattering length,
we rigorously show that the ground state energy converges to that of a simplified model
Hamiltonian with contact interaction projected onto the Lowest Landau Level. This effective
Hamiltonian models the bosonic analogue of the Fractional Quantum Hall Effect (FQHE).
For a fixed number of particles, we also prove convergence of states; in particular, in a
certain regime we show convergence towards the bosonic Laughlin wavefunction. This is
the first rigorous justification of the effective FQHE Hamiltonian for rapidly rotating Bose
gases. We review previous results on this effective Hamiltonian and outline open problems.

Keywords Bose-Einstein condensation - Landau levels - Scattering length - Quantum Hall
effect

1 Introduction

A fundamental characteristic of trapped Bose gases is their response to rotation [11, 15].
When the angular velocity €2 becomes large, a transition from a condensed regime to a
highly correlated, uncondensed, phase is expected. The behavior of the system then has
certain features similar to the Fractional Quantum Hall Effect that is observed in supercon-
ductors submitted to a magnetic field. For rotating Bose gases, this regime has not yet been
observed experimentally, the corresponding value of €2 being unattainable at present. Never-
theless, there has been a lot of interest in the theoretical understanding of this phenomenon
in the literature (see, e.g., [11] for a recent review).
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In this paper we present a rigorous study of such a Bose system with a generic repulsive
interaction potential. We show that in a certain limit, the Hamiltonian of the system can be
replaced by a simplified effective Hamiltonian with a contact interaction, projected onto the
Lowest Landau Level (LLL). This simplified model has been extensively used in the physics
literature [13-15, 29, 30, 32, 36]. We also prove that in the same limit, the true ground
state of the system converges to the ground state of the model Hamiltonian. In a certain
parameter regime, our analysis provides a rigorous derivation of the bosonic equivalent of
the well-known Laughlin state [20].

Let us consider N interacting spinless bosons submitted to a rotation around the x> axis
and a harmonic trapping potential. Denoting ¥ = (x!, x2, x*) € R?, the Hamiltonian of the
system in the rotating frame is given by

N >
B> m - .
Z[ 2;1 +E(a)i(|le-|2+|x]2-|2)+a)ﬁ|x;|2)—Qe3.Lj + Z W, (X; —X0). (D

j=1 1<j<k=<N

Here [ = X x p is the angular momentum, é; = (0, 0, 1), m is the mass of the bosons, and @
and o) are the trap frequencies. The interaction potential W, is assumed to be non-negative,
i.e., purely repulsive, and to have scattering length a (see [24] for a proper definition of the
scattering length). It is natural to introduce a fixed potential W with scattering length 1 and
write W, (x) = a~>W (x/a). For convenience we will assume that the angular velocity € is
nonnegative. The above Hamiltonian acts on the space of permutation-symmetric square-
integrable N-body wavefunctions.

The Hamiltonian (1) is stable (i.e., bounded from below) only when 2 < w, . The regime
of rapid rotation that will be of special interest to us corresponds to the case when 2 is very
close to the maximal possible speed w, , i.e.,

w| — Q

W= < 1.
|

To simplify certain expressions, we will work with an isotropic harmonic potential, w; =
. Our results would hold equally well when w; # ) but @) /w, > & > 0. Similarly, a
non-harmonic confinement potential in the x* direction could be used.

It is convenient to chose units such that m = h = @, = 1. Introducing /_X)(Ec’) =
(—x2, x', 0) and completing the square, our Hamiltonian (1) can be written as

N g A2 N2 312
|pj — A"+ [x7]1"—3 L= .
Hﬁa:=2[ d d / twi-Li |+ Y WG -i). @

, 2 ,
j=1 1<j<k<N

The kinetic energy term of this Hamiltonian is equivalent to that of a charged particle in
a constant magnetic field B=V x A. The spectrum of (|p — A(x)|2 + [x%?)/2 is purely
discrete, its eigenvalues being 3(j +1/2) for j =0, 1, .... They are all infinitely degenerate.
In the definition (2) of our Hamiltonian we have subtracted the unimportant ground state
energy 3/2 of the kinetic term.

When the speed of rotation €2 is not too close to @, and the Bose gas is sufficiently dilute,
the ground state of (2) is known to exhibit Bose-Einstein condensation, with condensate
wavefunction described by ground states of the Gross-Pitaevskii functional [18, 33]

Ip—ADP+ 1P -3 . -
sGP(¢>=<¢,(” . Y Ar, +§/ lol*, 3)
R
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where ¢ = 4w Na. In the limit N — oo with 0 < @ <1 and g > O fixed this was proved
in [21, 22].

The properties of the Gross-Pitaevskii ground state in the rapidly rotating regime @ — 0
were intensely studied in the literature, both from a numerical [3, 9, 12] and an analytical
[1, 5] point of view. As the speed of rotation increases, more and more vortices appear and
the wavefunction acquires a higher angular momentum. The location of these vortices is
conveniently studied in the Lowest Landau Level (LLL) approximation where one restricts
¢ to lie in the null space of |p — A(¥)|? + |x*|? — 3. This LLL approximation is justified [2]
when w < 1 and gw < 1, the number of vortices being then proportional to

Na
N~ [& .~ [Na.
[ w
The Gross-Pitaevskii functional (3) is expected to be an accurate description of the

ground state of the many-body system (2) provided the number of vortices is much smaller
than the number of particles in the system, i.e., when

a

1. 4
No < 4

Within the LLL approximation, this was recently shown in [27] to be indeed the case. In
terms of the filling factor v = N?/(2L) [14], (4) corresponds to v > 1.

When a/(Nw) is not small, a completely different regime is expected. Evidence of
strongly correlated states was found in exact diagonalization studies of small systems. As
the rotation frequency €2 is increased from O to its upper limit w , the ground state encoun-
ters a series of transitions between certain values of the angular momentum. The behavior
of the system is similar to the Fractional Quantum Hall Effect in fermionic systems, and
usually modeled by an effective Hamiltonian with contact interaction in the LLL. The rigor-
ous derivation of this effective Hamiltonian for Bose gases with generic repulsive two-body
interactions is the main purpose of this paper.

2 Main Results
2.1 Derivation of the Effective Hamiltonian on the LLL
The ground state energy in the bosonic sector is given by

\/iV L2(1R3,(C) (Ha])\{a) (5)

Ey(w,a):=info
where \/} L*(R?,C) denotes the symmetric tensor product and HY, was defined above
in (2). |

We will compare the ground state energy of the above Hamiltonian (2) with the simplified
model consisting in restricting the wavefunction to the N-body Lowest Landau Level (LLL)
and replacing W, by 4ma times a contact interaction potential. The LLL is defined as the
ground state eigenspace of the kinetic part of the operator (2) at w = 0. This subspace of
\/ V¥ L*(R?, C) reads
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I5; 1

Oy = {lll()?l,...,)?N)=F(x11 +ix|2,...,x,1\,+ix,2v)efzfgv:1 e LAR):

(z1,---,28) = F(z1, ..., zn) is holomorphic and symmetric} (6)

where we denote X = (x!, x2, x3) € R? as before. We will use the notation z =x! +ix?> e C
and we will sometimes identify it with (x!, x%) € R2. For any ¥ € ), we have by definition

N = A(3 .2 312

i — AX)|I"+x77 =3
Z[m G+ ;| }Ifzo.
j=1

2

The ground state energy of the simplified effective model in the LLL is given by

N
EkLL(w,a):=Weﬁin”fW” 1<\p, (w223.ij+47m > 5(£i—£,»)>xp>. @)
lwi=
j=1

1<i<j<N

Note that although it makes no sense to use a delta potential in the original Hilbert space,
functions in the space §jy are all smooth, hence

<‘1’»5(31—fz)%=/-~/IW(£2,22,23,...,zN)|2dx2...de

makes perfect sense and defines a bounded selfadjoint operator. As we will discuss in the
next section, for any @ > 0 and a > 0 there exists a ground state WV € §j for the problem (7).

We emphasize that (7) is not obtained by restricting H), to the LLL. For small scattering
length a such a restriction would lead to a similar expression but with the wrong prefactor
f W, instead of 4 a in front of the §-interaction (see Remark 1 below). In order to obtain
the scattering length, it is important to note that the LLL restriction is unphysical on length
scales much smaller than the effective “magnetic length”, which is 1 in our units. If a < 1,
the scattering process is unaffected by the rotation of the system and hence leads to the
scattering length as an effective coupling constant.

Our main result is the following.

Theorem 1 (Validity of effective LLL model) Let W be a nonnegative radial function

such that f\i\>R W (x)dx < oo for some R > 0, with scattering length 1. We define W, :=
a>W(-/a) and

Ki=— ®)

(i) Upper bound. Assume that 1 :=k'/*aN'/?> < 1. For k 3?a < C~! one has

Ey(w,a) < E,I\‘,LL(a), a) (1 — Cal<_3/2)_1

<1 L Cn [1 N 3/ Ll / WD ©)
X ; "
min{1, k N2} VN 1 JiF=e/mis

for some universal constant C > Q.
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1044 M. Lewin, R. Seiringer

(ii) Lower bound. Let £ = min{1, ka=*/*}. Then

LLL Na'’ 1/9 1
Ey(w,a)> Ey = (w,a)|1-C +a”PE|—— w (10)
& A7 J\31>£1/64-8/9

for some universal constant C > Q.

What Theorem 1 says is that when « stays away from zero and when «a is small enough
(depending on the particle number N), then one can replace the problem of minimizing H ",
with a generic interaction of scattering length a by the study of a simplified Hamiltonian
acting on the LLL, with a contact interaction of strength 4w a. The latter model has some
very specific features which we will recall in the next section. There we shall also see that «
is related to the inverse filling factor, hence the regime « = O(1) is of particular relevance.
Note that @ — 0 for fixed « implies, in particular, that w — 0.

A simple corollary of Theorem 1 is that for fixed N and fixed «,

Ey(w=a/(Nk),a)
20 El (@ = a/(NK),a)

We conjecture that this convergence is in fact uniform in N, but Theorem 1 does not show
this. Although N is allowed to go to infinity as a goes to zero, our error bounds are only
small if it does not increase too fast.

For fixed «, the leading order correction in our upper bound is of the order a N'/? as long
as W decays at least as |¥|~>~%?3 at infinity; it is (aN'/?)%/* if W decays as |X|™>~¢ for
0 < & < 4/3 instead. This follows from the fact that, for small 7, % I\E\z(z/nﬁ/“ W ~ ple/a-]
if W decays as |X| 73~ for ¢ > 0.

The error bounds in the lower bound are significantly worse. For fixed « the leading error
term is Na'/3. It remains a challenging open problem to derive bounds that display a better
N dependence. These will require a better understanding of the FQHE regime for large N.

The proof of Theorem 1 uses several previous ideas [24]. The upper bound requires a
two-scale trial function, as suggested first by Dyson in [16], in order to obtain the scattering
length from W,. The fact that the ground state in ),y for (7) is not very well known (contrar-
ily to the condensed Gross-Pitaevskii case) is an important obstacle, however. As usual, the
lower bound is the hardest part and consequently our conditions on a are more restrictive.

The proof of Theorem 1 will be given in Sect. 3.2. More general upper and lower bounds
on Ey(w, a) are stated in (28)—(29) and (43), respectively.

2.2 Effective Hamiltonian on the LLL and Convergence of States

The result of Theorem 1 can be extended to obtain information not only on the ground
state energy but also on the corresponding eigenfunctions. Before we state our result on the
convergence of ground states in the limit w — 0 and a — 0 with N fixed, we recall in this

section several important properties of the effective Hamiltonian on the LLL.
It is convenient to introduce the Bargmann space [7]

By = {F :CY — C¥ holomorphic and symmetric :

/ / |F(Zl"'-’ZN)|2672~I;]:I 'Z”zdm--'dz;v < OO}
C c
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endowed with the scalar product

(F.G)g /dm /dzNFm,...,ZN>G<zl,...,zN>e Jr ki,

and its associated norm. It can easily be checked that if F' € By then the function ¥ defined
N oz i
by W = N Zi= NP2 F ¢ 6 satisfies | W]l 2@y = || Fllsy and

N = A2 N2 312
lpj — A" + X717 =3 I5; 2
2{ / ’2 J twes L | V=w § zawF P i SO PN

j=1

The delta interaction potential is defined on By as follows:

) zi +2zj Zi + 2
S| Fim g OF <zl,..., et ,...,zN>. (12)

i<j i<j

The prefactor has been chosen to ensure that
(F,012F)p / W (%, %)|*dx.

It can easily be seen that 0 < §;, < (27)~3/2, hence 8}, is a bounded self-adjoint operator on
B,. The model Hamiltonian acting on By is defined as

:_wzz,a +ama Y 8 (13)

I<i<j<N
and its ground state energy equals the LLL energy (7) introduced in the previous section:
E,L\,LL(a), a) :=infog, (Ijla])\{a).
We introduce, for convenience, the notation
N
ﬁN = szazj and IN = Z 5,‘]
j=1 I<i<j<N

for the total angular momentum and the contact interaction potential in the LLL, respec-
tively. Because of rotation invariance of the interaction these two operators commute on
By, i.e., [Ly,Zy] = 0. Hence the ground state energy Ex-“(w,a) of our Hamiltonian
Iiﬁ{a = wLy + 4mwaZy is obtained by looking at the joint spectrum of Zy and Ly. If we
denote by Iy(L) the lowest eigenvalue of the operator Zy in the sector of total angular
momentum L, we get

EyM(w,a) = inf {wL +4maly(L)).

Multiplying any common eigenstate of £y and Zy by the center of mass Z _1%j» One sees
that 0 (Zy) j(zy=1) C 0 (In)(cy=L+1)- Therefore, L — Iy (L) is nonincreasing.
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Fig. 1 General form of the joint spectrum of Zpn /N and Ly/N 2. The dashed curve is the graph of
L— Iy(EN 2 /N, whereas the solid one is the yrast curve. Points of the joint spectrum lying on the yrast
curve are emphasized by thick dots. This figure represents only a sketch, numerical studies for the joint
spectrum of Zp and Ly can be found in [6, 35, 40]

A sketch of the general form of the joint spectrum of Zy and Ly is shown in Fig. 1. The
possible ground states for Ha')‘f . are those whose values of Ly and Zy lie on the so-called
yrast curve' [31] which is the graph of the convex hull of L + Iy (L). We can write

~ 1 LN IN
N
H, o =dnNa (4_ e N T W)

where, as before k = a/(Nw). Thus the ground state that will be picked by the system only

depends on the value of «. It jumps from one state to another when « is varied. The FQHE

regime corresponds to x ~ 1 in which case Ly ~ N?and Zy ~ N, hence EIL\,LL(a), a)~ Na.
The null space of Zy is obviously given by the set of functions

F(zi,...,zn) l_[ (zi — z,)*| F holomorphic and symmetric

1<i<j<N

n the literature the graph of L — Iy (L) is sometimes called the yrast curve. We keep this name for the
convex hull which contains all the possible ground states of I:IQI)V a
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Fig. 2 Value of the angular LN
momentum of the ground state(s)

of I:Ialxa, depending on the value Ifl,(,]\Q = ,]\((,]Y,_, ,1,) ,,,,,,,,,,,,,, P
of x. The Laughlin state is the

unique ground state for all La(N)
k > k1 (N). The constant

function is the unique ground

state for all 0 <k <« .. (N)

N

aughlin state

The function which has the lowest angular momentum among these functions (hence lies on
the yrast curve) is the (bosonic) Laughlin wavefunction

F]_l,\;/iu(zls-~-9ZN)=kN 1—[ (zi _Zj)2

I<i<j<N
where ky is a normalization factor. It satisfies
LyFY, =N(N-1FY,.

The Laughlin wavefunction is the unique ground state of IT-NIa')V . as soon as k > k| (N) 1=
—1/(4nd|(N)), where d, (N) is the (unknown) left derivative at £ = 1 — 1 /N of the convex
hull of £ +— Iy (N2£)/N. The filling factor [14] of the Laughlin function is given by

IV2 _ 1 N—>oo 1
2UFN LyFN ) 2(1—1/N) 2

VLau =

In general, the convex hull Iy of the function L — Iy (L) is piecewise linear and we may
define similarly «;(N) > k2(N) > -+ > kx(N) by the formula «;(N) := —1/(4nd;(N))
where di(N) > d,(N) > --- > dy(N) are the successive left derivatives of the function £ —
In(N%0) /N.Toany «;(N) we can associate a unique total angular momentum L ; (N) which
is the highest among states lying on the yrast curve and having a left derivative equal to
d;(N). The corresponding eigenspace is easily seen to be the ground state eigenspace of
FIa])\{a when k € (kj+1(N),«;(N)). When k =k ;(N), the ground state eigenspace is the one
containing all states lying on the yrast line with slope d;(N). It does not have a unique
angular momentum. These statements are illustrated in Fig. 2.

The only state having L = 0 is the condensed state F(zy,...,zy) = 1, hence Iy(0) =
Qm)T2N(N — 1)/2. Also Iy(1) = 2n)"3?N(N — 1)/2, with unique state F(zy,...,
IN) = ZIN:1 z;. Moreover, it is well known [8, 19, 32] that

1 1

For the proof, one notes that §;, has eigenvalues 0 and (27)~3/? and commutes with the
relative angular momentum L, = (z; — 22)(9;, — 9;,)/2; in fact, §;, is nonzero only on
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1048 M. Lewin, R. Seiringer

the subspace where L, = 0. On symmetric functions of z; and z,, the smallest non-zero
eigenvalue of L, is 2, hence (27)%/281, > 1 — L1,/2. Summing over all pairs we get

e Y by N(N—l) N.CN (ZZ> (Z%)

1<J

The very last term is non-negative, which yields (14) as a lower bound. Finally, one checks
that for 2 < L < N the lower bound is, in fact, an equality for the states S(z; —zcm) - -+ (22 —
Zcm), where S denotes symmetrization and zey := N 7! Z,N: 1%

No exact formula for Iy (L) is known if L > N. For large N and L < N? the yrast line
was studied in [27], where it is proved that in this limit the Gross-Pitaevskii energy becomes
exact. The result in [27] implies that in this regime the convex hull of Iy (L) is proportional
to N3/L.

Very little is known about the yrast curve for L ~ N2, in particular concerning lower
bounds. Upper bounds have been derived using certain trial states (Pfaffian, composite
fermions [13, 34, 35]) which have been shown numerically to have a large overlap with
(some of) the true eigenstates of the yrast curve, at least for small N. A rigorous under-
standing of the properties of the true eigenstates is still missing, however. It particular, it
remains an open problem to investigate whether liminfy_ » d;(N) > 0. This would imply
that the yrast curve has a discontinuous derivative at the Laughlin state. It would also show
a certain robustness of the Laughlin state, in the sense that this state is the ground state for
fixed ¥ > k; :=limsupy_, ., k1 (N), independently of the particle number N.

This concludes our review of the properties of the effective Hamiltonian (13). To state
our last result, we will denote by Py (k) the (finite dimensional) orthogonal projector in
L2(R3") on the ground eigenspace of the operator (4m«)~'Ly/N? + Zy/N, multiplied by
g Ne T |;,-\2/2. This orthogonal projector is constant for all k € (x;41(N), «;(N)). For
k > k1 (N), it is just the projector on the N-body Laughlin function

PN(K) - |lIJLau)<\pl}‘\;u|

where

N (2 - —N/4 2 3N %22
WY Xy, X)) =kyr Y 1_[ (zi — z;)%e” L=t [5l7/2

I<i<j<N

The following theorem is a rather straightforward consequence of our proof of Theorem 1.

Theorem 2 (Convergence of States and Fractional Quantum Hall Effect) Let k > 0 and
N > 2 fixed, and denote by \IJQ' « any chosen sequence of ground states of the Hamiltonian

HY , in \/;v L*(R?). Then we have

lim |w), - Pyiow) |
a/(?VZ)ﬁK

0. 15)

In particular, if k > k1 (N), one has \Ila'}{a — \IIII‘\QU when a — 0 and a/(Nw) — k, up to a
correct choice of a phase for \IJa]Y .

Theorem 2 shows that the ground state of any system of N spinless trapped bosons with

repulsive interactions of scattering length a is, for small enough a and rotation speed close
to the critical one, well approximated by the ground state of the effective Hamiltonian (13)
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Strongly Correlated Phases in Rapidly Rotating Bose Gases 1049

on the LLL. In particular, the states are highly correlated and exhibit a bosonic analogue
of the FQHE, with transitions between certain values of the angular momentum coinciding
with discontinuities of the derivative of the yrast curve.

The proof of Theorem 2 will be given in Sect. 3.3. As will be obvious from the method
of proof, both Theorems 1 and 2 can be extended to low-lying excited energy eigenvalues
and their corresponding eigenfunctions as well. The corresponding analysis is similar to
previous studies of the effective one-dimensional behavior of Bose gases in highly elongated
traps [39], and we shall not give the details here.

3 Proofs
3.1 Preliminaries
In this subsection we shall gather some useful preliminary results which will be needed in

the rest of the proof. We recall that §;; was defined in (12). Similarly the three-body delta
interaction can be defined on 55 as

(6123F) (21,22, 23) :=

1 21+t z1+2+3 z1+02+23 (16)
(v/37)? 37 3 73

where the prefactor was chosen such that

-3
(F.8133F) g, = ( / e*'zdr) / dx / d2|F (2. 2, 2)Pe 33,
. R R C

It defines a bounded self-adjoint operator on ;. In fact,

2
8123 <4/ FSIZ' )

By definition all functions in ) are smooth. A way to quantify their regularity was
provided by Carlen in [10]. We state it in the following lemma.

Lemma 1 (An inequality of Carlen [10]) For any p € N, there exists a constant C, such
that for any holomorphic function f € B,

PNE —lzf? 2 2
vz eC, ﬁ(Z) e <Cp,(A+12I") 1 f 15, - (18)

Proof The proof is a consequence of the Cauchy-Schwarz inequality and the following well-
known coherent state representation [5, 7, 17] for functions f in the Bargmann space B;:

F@=n" /C FE)ge (e dz (19)

where ¢; (z) = &5, O

Using the smoothness of functions in the LLL, one can control any interaction potential
by a contact interaction, up to an error. This was done first in [4].
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1050 M. Lewin, R. Seiringer

Lemma 2 (Controlling interaction potentials in the LLL) Let F € By and W(Xy, ..., Xy) :=
N oz

a7 NAF(zy, ..., zN)e_ZF‘ %1272 € 9y. Let g € L'(R?) be non-negative and radial. Then

we have

<‘If,( > g(fi—)?_/)>‘1">
I<i#j<N LZ(]R3N)

¥4
§</RBg><F,( > &7>F> +N2C(/ng(5c')7lf:£|4dx) IFII, . (20)
By

I<i#j<N

and

<‘V’< > g()?i_ij)g(ij_)_ék)>‘p>
I<i#j#k<N L2(R3N)

2 . )
. 3 = Ix] 2
= </ng> <F, Z 8ijk F> +N C(/ﬂ@g(x)lﬂﬂzdx) IFll, 21

I<i#j#k<N By

for a universal constant C > 0.

Proof An inequality similar to (20) was derived before in [4]. We shall only write the proof
of (20) for N =2 (the general case is then obtained by summing over pairs). We shall omit
the proof of (21) which is analogous.

Defining G (u, v) = F(%, %), we have

(W, g(¥) — %)W)

1 R N a2
;/3/3g(x1 — B)|F (21, 22)Pe M 12  dx, dx,
R R

//g(\/zlvl)lG(u,v)l e P gy dv, (22)
cJc
where we have introduced
5 1 3 3y, P13 03 503
g(lz]) := — 8(z, x{ — x3)e M =M dx] dx;
T JrJR

which is obviously radial, i.e., depends only on |z|.

We split the v integral in (22) into two parts, corresponding to |v| < 1 and |v| > 1, re-
spectively. Consider first the case |v]| < 1. Using the fact that G (u, -) is even because F is
symmetric, a Taylor expansion yields

1 2
G(u,v) =G(u,0) +v2/ (1-— t)%—G(u,tv)dt.
0

v2

By the radiality of g the cross term vanishes when integrating over angles, and hence

f 220G (u, v) e dv
lv|<1
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:/ (V21D G @, 0)2e " av
|z|=1

! 3°G
/O (l—t)m(u,tv)dt

2

+/ (2] vl* e " qy. (23)
lv[<1

We integrate this identity against ¢~ du. The first term becomes

212
</ gz, xh)e /2dx> (F,012F)p, < </ g) (F,812F)g,-
lz1<1/v/2 R

With the aid of Carlen’s inequality (18), the second term is bounded above by

|x[*

C/ gl dx | FI2 sC’/ e F R
2l<1/v2 B2 SR ST 52

Finally, for |[v| > 1 we shall use again (18), this time for p = 0, to conclude that

f du / dvg(V2ID) |G (u, v)Pe P < ¢ [ g |FIE
C |v|>1 | -

2=1/v2
/ = |2|4 2
<C ——dx ||F|3,-
< /ng(x)H = dxlFI,
This completes the proof. O

Remark 1 Although we will not need it, we note that (23) also yields a lower bound:

. o i
N e X LN
R-

where we have used the same notation as in Lemma 2. Combined with (20) this shows
that the restriction of the operator e g ((X; — X»)/e) to the LLL converges to ( fR3 g)d12 as
g — 0.

It will be important to have some a priori bounds on the ground state energy of the
effective Hamiltonian (13). The following is certainly not optimal but it has the merit of
being simple.

Lemma 3 (Simple Bounds on EX*(w, a)) We have, for k = a/(Nw) and N > 2,

1 1 /2
aNCmin{—,N} <Eyf(w,a) §aNmin{—, —N}. (24)
kN Kk Vrm

Proof The upper bound is obtained by taking as trial states the Laughlin function and the
constant function, respectively. For the lower bound, we note that

w
Z (ﬁ(th +sz)+4ﬂa8,-_,->

I<i<j<N

>cmin{wN/2,2zaN(N — 1)} > %min {Kﬁla,aNz}
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1052 M. Lewin, R. Seiringer

where ¢ =infop, (L1 + Ly + 812) > 0. O

Except for the prefactor, the upper bound is expected to be sharp. In other words, the
lower bound should hold without the factor 1/N multiplying «~!, for an appropriate con-
stant C. This remains an open problem, however.

3.2 Proof of Theorem 1

Step 1: Upper Bound We start by proving the upper bound, using the variational principle.
The main difficulty is to get the scattering length in front of the interaction potential. As
suggested first by Dyson in [16], this is done by multiplying a trial state ® of Hy by a
correlated function S accounting for the short scale structure of the ground state. Compared
to previous similar arguments in [25, 37], a new complication comes from the fact that
the trial state ® in §) is not a simple product function, but itself already a (possibly) highly
correlated state of which little is known. Fortunately, the information that ® € )y combined
with simple bounds on EXM-(w, @) will allow us to get the desired upper bound.

Let Fy 4 € By be a normalized ground state for the LLL Hamiltonian H N defined
in (13), which is a common eigenvector of £y and Z. We consider the following trlal state:

\I"N,zu,a = SN,a qDN,w.a (25)

where

SN,a()?la-n»)_éN):: 1_[ fa(|2i_£j|)

1<i<j<N

for some 0 < f, <1 which will be defined later, and

- - _ N 1P
Dy waErsees Xn) =7 M Ey a(zh, . Zy)e” Zim 0

Note that the norm of @y, , € L?(R3M) equals the norm of FN ».q € By. We write

Z(hw)j +ZW (xl _xj

i<j
where
Ip—é; x x> [x** 3 I
h, = -2 L 26
2 T Tyt (26)

We shall also use the notation Haﬂ‘{ 0= j (he); for short. Using the fact that f, is real, we
can argue as in [37, (4.64)] to get the identity

IV;Sy.al
<"IJN,w,av Hw ()\IJNwa /7|¢Nwa|2 +Re(S]2\/aq)Nwa7 Hw 0®Nwa>

Using (11) and that Fy , , is a normalized eigenvector of Ly, we have

HN()CDNwa —a)(FNwav CNFNwtt>BN q)N.w.as
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hence

N -
ViSy.al’
(\IJvav"’ Ha[)\folIJvav"> = Z/ %|®N¢U¢a|2
j=1

+ H \IIN.w.a ”2 <q)N.w,aa HaIX()q)N,w,a) .

We compute

- N N ik—ii > -
ViSna =Y _ [1(1% Uy [T raz. -z
i#k Xk Xi 1<m<n<N
{m,n}£{i k}

Using 0 < f <1 we therefore get

N
I - e = ] e = -
S22 VSl = D0 L% =T+ 5 D fil% = FD fi0% 5.
k=1 1<i<j<N i#j#k
We finally deduce that

<\IJN,w.a7 Hal)\{a\IJN,a),a> S ”“I"N,w,a Hz(qDN,w,as H(AI)\T()CDN,a),a)

+ <q>N$w4,N,av ( Z [(fl:)z + Wafaz]q-fi - ,)_(;]D) CI)N,w¢N.u>

I<i<j<N
1 ! = = ! = e
+o{ Prona | Do L0% = HD LT =D | Pxona )
ik

The next step is to bound the terms on the right hand side of the previous inequality. An
essential tool is the inequality (20) of Lemma 2 which relates, on the LLL, the interaction
of a smooth potential ), _ ; g(X; — x ;) with that of the contact interaction with coefficient
Jg3 8- As we will see, for a correct choice of f,, we will have [[(f])* + W, f}] ~4na, as
desired. Let g, := (fa/)2 + W,(f.)?. Using Lemma 2 as well as the bound (17), we obtain

<\IJN,(u,a s Ha])\{a \I’N,w,a>

<Eyt(@,a) |[¥yoa

2
+</ ga—4naH\IJNMH2+,/iN</f’> )(FNM InFy.a)
- o« 373 a o walBy

+CN2/ 8a(¥) G dx +CN? /f’(m) G dx ’
RO LX) RO THIXP '

I

For an upper bound, we can use (Fy o4, Znv Fn w.a) By < E,%,LL(a), a)/(4ma), hence

ELLL 2 2
(qlN,w,aa H,f)va\IJN.m,a) =< M / 8a + —N / f(:
’ 4ma R3 V 373
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1054 M. Lewin, R. Seiringer

4 2 2
+CN{/ 2a(¥) |:ﬁd +CN“</ fﬂ|)|:|2x>.

Let us now choose f,. As in [24, 25] we take, for some b > a to be specified later,

Laldfs if 0 <5 < b,

fuls) =1 “® - @7)
1 ifs>b

where u, is the solution of the scattering equation
—ull(8) + Wo($)u,(s) =0

with u,(0) = 0 and lim,_, ., u/,(s) = 1. Integrating by parts and using that 0 < u,(s) < s and
0 <su,(s) —uy(s) <a [24, 25] we see that

/& /w¥+wﬁ_ffh

By splitting the integral into a part |X| < (ab®)"/* and |X| > (ab?)'/*, one checks that

> |x* c ( 273 4/ > )
2(|x —dx < ab’ +ab W(x)dx ).
~/]Rl3 & (| |) 1 + |.)C|4 1 — a/b ‘g‘z(b/a)f%/ét ( )

Note that for a < b the second term in the last bracket is small compared to the first one if
W decays faster than |X|~3~*? at infinity. We further have

4mab
1—a/b’

fa<
]R3a

and hence

|X]2 4mrab?
[ i ar < 7

Let us assume, for simplicity, that b > 2a. Then

(YN HY W) = ERE@.) (14 C[ 3 + Nab?)

b .
+CN%%%?+NP+—/‘ Wuma
[X|=(b/a)3/*

for some constant C > 0. To bound the last term relative to the first one, we can use the
lower bound of Lemma 3 to conclude that

(\IIN,u),aa Hga\pN.w.a) =< Ejl\‘lLL(w’ a)<1 + C[% + Nabz

kN%ab? b
2" (1N + 2 W (X)d . (28
+ min{1, x N2} ( * * a /|;7|2(b/a)3/4 « x>i|) 29

It remains to derive a lower bound on || Wy , . ||. Arguing as in [26] we can bound

”\I’N,wa /]R3 / 1_[ fu(lxl_‘ij |q>Nwa|

1<i<j<N
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>1- ) / /(1—f2)<|x,—x,|)|d>NM|
I<i<j<N R3
) <
21-CN* | (1= £ |>1+||4 x

- (/ (1 - fa2)> <FN,w,aaINFN,m,a>BN
R3

where we have used again Lemma 2. For our choice of f, in (27), it is easy to see [24, 25]
that

/ (1 — f} <4mab?
]R3

and hence

R b
1—f2 dx < 4mab®.
/M( PR (o d < dma
Finally, we can use Lemma 3 to bound (Fy u.a, ZnFynwa)sy < EN"(®,a)/(@ma) <
(2m)~3 2Nk ~". This yields

|Wnwal® = 1~ CNab? (% + Nb“) 09)

for an appropriate constant C > 0.
Combining (28) and (29), the choice b = 2« ~'/*N~!/2 leads to the desired inequality (9).

Remark 2 If we had a lower bound

E,L\,LL(a), a) > cNax™!,

as is expected for k > N~!, the upper bound of Theorem 1 could be somewhat improved.
In (28) min{1, k N?} could be replaced by N min{1, ¥ N} in the denominator, and the optimal
choice of b would then be » = (k N)~!/3. The main error term would then be of the order
ak'3N'/3 instead of ax'/* N2,

Step 2: Lower Bound As a first step, we shall replace W, by the finite range potential
Wa gy = Wa x (|X] < Ry) for some Ry to be chosen later. Since W,, is assumed to be non-
negative, this is legitimate for a lower bound. We denote by a(R)) the scattering length of
Wa,ry- If Ry is large enough compared to a, we will have a(Ry) >~ a. Indeed, let us recall
that [24]

4ma > 4ﬂa(R0) =/ Wa,R() fa.R() > / W(L,R()fa > 4ma — / th (30)
R3 R3

IX|>Ro

where f, < fu r, are the solutions of the zero-scattering equations corresponding to W, and
W, r,» respectively.

‘We continue with a lemma inspired by a method of Dyson [16]. The key idea is to replace
the “hard” interaction potential W, by a softer one using parts of the kinetic energy, with
this softer potential being close to 4wad when projected to the LLL. Note that this step is
essential, it is not possible to project the original W, to the LLL level. This would also lead
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1056 M. Lewin, R. Seiringer

to a § interaction for small a, but with the wrong coupling constant [ W, instead of 4w a
(see Remark 1). Compared to previous studies [22, 23, 28, 38] where a similar strategy has
been applied, the main new difficulty comes from the fact that the effective kinetic energy
ho=(|p — é3 x ¥|> + |x*|> — 3)/2 is not positive locally, i.e., on a domain with Neumann
boundary conditions, but is positive only on the whole of R?. To circumvent this problem,
we shall rewrite (W, hoW) for ¥ € L?(R?) as

W, o) = 3 f e (a5 B + 10:9 B)P) dx 31)
R3

with ¥ (¥) = /20 (¥) and 3: = 3,1 +i9,>. The integrand on the right side is now positive
but contains no derivatives with respect to z and is hence weaker than lez. Nevertheless
we shall show in the next lemma that it is still strong enough to accomplish the goal of
replacing W, by a softer potential for a lower bound. The resulting “potential” turns out
not be a potential in the usual sense of a multiplication operator, but rather is a non-local
operator which has the property that its projection to the LLL is proportional to a §-function,
however.

Lemma 4 (Dyson-Type Inequality) Let ¥ = (s, y?) € R3. For R > Ry, we have for all

/_ . e (10,59 @ + 109 B + Wal@ = 5) 1 (0)2) dx
x—y|<R

1 7 2
—/ e Y (X)dx| . (32)
IX=¥I=R

> dra(Ry)e~ 17 1HR s
> 4ma(Ro)e In R

Note that if i € By, one has

! -5z = —Is|? -
dx = e ¥l ,
e Y@=
and the right side of (32) equals 4mwa(Rp)e™ ("R~ |y (5)2 which is precisely
4ma(Ro) (¥, 8,¥), when R =0.

Proof of Lemma 4 Let g(X) = e **y (X + ¥). Using that W, > W, g,, we have to show that

1P (x3ay3)2 - > ¥ Y
/ eI (10,5 g (0P 4 [0:8 () + War, (D) |g()I7) dx
[X|<R

1 2

— g(X)dx
4.7T R2 x/|;|:R

Since |z|> + (x* + ¥*)? < (]y®| + R)? in the integrand on the left, this will follow if we can
show that

> dra(Ry)e~ VIR’ (33)

| (0GP + g + Wogy DlgP) d
[X|<R

2

>4ma(Ro) (34)

1 / -
Y~ g(x)dx
47TR2 |X|=R
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Letnow f; g, be the solution of the zero-energy scattering equation —Af, g, + Wa gy fu,ry =
0, subject to the normalization limyz|—, o f4,&, (X) = 1. Since f, R, is real-valued, |0: f &, RE
[0,1 fa,RO|2 + |8x2fa,Ro|2’ and hence

/ (18,3 faury GO + 18z fa.rg (I + W o ()] fa.ry (B)*) dx < 4ma(Ro).
[¥|<R
The Cauchy-Schwarz inequality implies that

[ (108 GR + 06 @F + Wiy DIg@P) dn
[X|<R

2
/ (ax3fa.Roax3g + azfa,R()aZg + Wa,Rofa,ROg) . (35)
IX|<R

>
~ 4mwa(Ry)

Using partial integration, the zero-energy scattering equation as well as the fact that
IV fury(¥)| = a/|X| for |X| > Ry this yields (34). O

As an immediate corollary, we see that for any non-negative function p supported on
[Ro. R] with [ p <1,

i T Y@ Y O + WG = DY DP)dx
[x—y|<R

1 / s
e
Arr? iz si=r

We shall apply this inequality to the Hamiltonian H), for each particle separately, con-
sidering the other N — 1 particles as fixed. Consider first particle one, and assume that all
particles k > 2 are located at a distance > 2R from each other, i.e., that |X; — X;| > 2R for
allk,£=2,..., N. Then we get, for all functions F(Xi, ..., Xy),

R 2
> diwa(Ry)e~ I IHR Fis? / drp(r) (36)

Ro

/3 dxie” ™" <|ax3F<21, e I 105 F G, )P
R

N
+) Wal¥; —fl)|F(zl,...,zN|2)

j=2
2

R
/ e_z/Z‘F()?l,...,)_c'N)dxl
X=X |=r

N
> 4ma(Ry) Z o~ (IHR Hz P / drp(r)

j=2 ko

In general, we can get the same bound if we only retain on the right side the X;’s for j =
2, ..., N which are at a distance > 2R from all the others. Using (26) and (31), we conclude
that, forany 0 <0 <1,

N
HY, =Y (6 (ho); + 0@ - L);) +4na®R)(1—0) Y Uy, (37)
j=1

1<i<j<N
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where the potential U;; is defined as
(¥, U;p W)
Z/de .. ,/dee—\iz|26—(lx§|+R>2+\zzwze—Z,’Lg I

1 B . ) 2
2/ e (X, ..., xy)dxy| , (38)
= Jiz -3 =r

N R
X wazk—iﬂzm/ drp(r) 2
k=3 Ro

with F(X,...,Xy) =7V (X, ..., X) l_[N el%i1"/2 and %) = (21, X}), X2 = (22, X3).
The new potential ), _ jUjisa comphcated N-body term which has the advantage of
being bounded, however. To be precise, the following bound holds.

Lemma 5 We have

p(r)
Ar?’

[U12]| < sup (39)

Proof Applying the Cauchy-Schwarz inequality to the X, integration, we see that

2
= 2 2= z
/ dxje 2y 5/ dxe 1l |1p|2/ dx e —2Rezz
|x¥1—=Xa|=r |x¥1 =Xz |=r [x¥p =Xz |=r

It is easy to check that —(|x3| + R)? + |z2|> + |X1|> — 2Re Z2z; < 0 for |X; — X»| < R. Hence

(¥, V) / /"le,..., i PLEZBD

47 |X) — X, |?

This proves the claim. O

In order to minimize the right side of (39), we shall choose

2

3r
p(r)=R3fR8 for Ry <r <R. (40)

Note that fljf) o(rydr = 1.

We shall now apply a standard perturbation theory argument to our Hamiltonian. Let P
denote the orthogonal projection onto $y (the LLL for all the N particles), and let O =
1 —P.Let

A=i(9(ho)j+w(z3-i)j)

j=1
and

B=4mwa(Ry)(1-0)) Uy

i<j
so that the right side of (37) equals A + B. We have A= PAP + QAQ. Since B is positive
we can use the Cauchy-Schwarz inequality to get the lower bound

B>(1-8PBP+(1-8")0BQ

@ Springer



Strongly Correlated Phases in Rapidly Rotating Bose Gases 1059

for any 0 < § < 1. Using Lemma 5 with the choice (40) for p we see that

6raN(N — 1)
QOBQ < QTRS'

(Recall that a(Ry) < a.) Moreover, for 6 > w,

QAQ=0Q (0 -w).

‘We therefore conclude that

A+B>(1 8)P(A+B)P+Q<0 omaN® ) (41)
— —w—— .
B S(R*—R})
In particular,
En(w,a)>min{ (1 —38)info(A+ B) [4,,0 OraN®
w,a) >min{ (1 —¢8)info - —
N o 3(R* = R))
and it remains to study A + B restricted to .
For W(Xy,...,Xy) =a N4 ]_[?]:I e~ WiP2F(z,, ..., zy) a bosonic function in §y, we
have
(W, AV) = (F,LyF)3,
by (11), and
(W, BY) = 27ra(Ry)N(N — 1)(1 — 9)/dxze"72‘2_("‘3'+m2
></HX\;_,-fizwzzkdle‘P(fz,22,973,---,J?N)Iz (42)

Jj=3

where we have used that F is analytic in z; and z,. For a lower bound, we use
HX\}_,-—izwzzR >1- ZX\ijfizlszR-

Jj=3 j>3

Letting

tp = i/ dtef(’JrR)z >1— 2_R,
77 Nz

we finally get

(W, BU) > 4ra(Ry)(1 —Q)tR<F, ( > a,-,-)F>
B

I<i<j<N N

—2a(Ry)N*(N — 1)(1 —6)

- - s - 2
X/dx2"'/dXNpr}z\SZRN’(Xz,Xz,X3,--~,XN)| .
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By Carlen’s inequality (18) with p =0 and X,, X4, ..., Xy fixed, we have
W (X, %2, X3, ..., XN) [ < C/% |W (X, %2, X3, ..., Xn) |7 dxs,
R‘
therefore

5 o o > 2 3 o> 5 o o > 2
/ dx3X)3,-3,1<2r|W (X2, X2, X3, ..., Xn)|" < CR / dx3|W (X2, X2, X3, ..., XN)|".
R3 3

i
‘We conclude that

(1—0) (tg — CR*N) a(Ry)

(A +B) rYJNZ
a

E,L\,LL(a), a).

Our final inequality is therefore

(1 =38)(1 =8)(1g = CR*N)a(Ry) FLLL(,
N

EN(a),a)Zmin{ ,a),
a
2
f - TN . (43)
5(R® — RY)

We now optimize constants. Recall from (24) that E{"(w,a) < k~'aN. We choose
Ry=a'?, R = 2R3, 0 =w+2a'>N and § = 6xa'/> N such that

6maN? 13
®w— —————=Na'".
8(R3>—Rp)

Assuming that k¥ > a*/* this expression is greater than E§*"(w, a). Recalling (30) the final
result is then

Ey(w,a) > Ejf* (0, a) (1 Cw- L W(X)dx — C[a'’N +a‘/9]> NS

47 |}|2a—8/9

If « < a?3, the choice Ry =«!/®, R? = 2R8, 0 =w+2Nax~' and § = 67 Nk'/? yields
the desired bound. This completes the proof of Theorem 1. ]

3.3 Proof of Theorem 2
The proof is a simple consequence of the bounds in the previous subsection, together with

the right choice of parameters. If we choose Ry, R and § as above, but 6 to be bigger than
the previous choice by an amount 6’ > 0, we conclude that

1 ~
HY, > (1 —9/—0[ +a1/9r] ——/ w) maY, I
’ A7 J\315r1/64-8/9 ’

+ (0" + Ej"(w,a)) Q (45)

Na'/3

N 2 . .
where T = 7N/4eX=11%F2p denotes the projection from L?(R*M) onto By, and r =
N oz
min{1, ka~2/3} as in the statement of Theorem 1. Let IT; := 7 V/4eXi=1 ‘Xflz/zPN(K) de-
note the projection from L>(R3") onto the ground eigenspace of the operator Ly/N? +
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4nkZy/N, and yy(k) = (A — X1)/A; > 0 where A; and A, are the first and second eigen-
values of this operator, respectively. Introducing IT, = IT — I1;, we have

M AY N=MHY 0 + AY T > EY (0, a) Py () + T AY T,

Note that
[/ a IN
HY T, = N2l | =5 +4n I
w,a*t2 w <N2 + N N) 2

a Ly Iy
> N? (1— —1‘)11* 4 m
= Nox 2\ 2 TRy ) TR

Nwk
—1‘)(1—‘ —1’)1'1;1'12.
a

> ER (@, @)1+ yw () (

For a, w, and k — a/(N w) small enough, we obtain

Na'7? 1
HY, > E*(w,a)[1-6'—C DA TS ——/ 14
r A7 J\315r1/64-8/9

yw (K)
2

ELLL(

Combined with the upper bound (9), this clearly yields |[TI, ¥ | - 0 and | QWY || — 0,
as was claimed. O
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